
Supplementary Materials for
Stability-Based Generalization Analysis of the Asynchronous Decentralized SGD

The supplementary material contains the full experimental results and detailed proofs of our theoretical findings.
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A More Experimental Results
In AD-SGD (Lian et al. 2018), the communication topology is designed as a bipartite graph in order to prevent the deadlock
problem. The topologies that we have employed (as shown in Figure 3) all satisfy this property. Consider a distributed system
with 16 computing workers, the corresponding doubly stochastic matrix of the four topologies are
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
In the following, we will show more experimental results, including the performance of convex models with decreasing learn-
ing rate; non-convex ResNet-18 and VGG-16 on the CIFAR-10, CIFAR-100, and Tiny-ImageNet datasets. The experimental
observations are consistent with the theoretical analysis and description of the experimental results in the main text.
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(c) Decentralized topology

Figure 1: Convex model on the MNIST dataset. Generalization errors for varying learning rates, asynchronous delays, and
decentralized topologies with the decreasing learning rate. (a). Fixed maximum delay τ = 32, ring topology. Decreasing
learning rate αt = α

1+0.01t with varying α; (b). Fixed αt = 0.1
1+0.01t , ring topology; (c). Fixed αt = 0.1

1+0.01t , τ = 32.
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(c) Decentralized topology

Figure 2: Convex model on the MNIST dataset. Training errors for varying learning rates, asynchronous delays, and decentral-
ized topologies. (a). Fixed maximum delay τ = 32, ring topology. Decreasing learning rate αt = α

1+0.01t with varying α; (b).
Fixed α = 0.1, ring topology; (c). Fixed α = 0.1, τ = 32.
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(c) Decentralized topology

Figure 3: Convex model on the MNIST dataset. Testing errors for varying learning rates, asynchronous delays, and decentralized
topologies. (a). Fixed maximum delay τ = 32, ring topology. Decreasing learning rate αt = α

1+0.01t with varying α; (b). Fixed
α = 0.1, ring topology; (c). Fixed α = 0.1, τ = 32.
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(c) Decentralized topology

Figure 4: Non-convex ResNet-18 on the CIFAR-10 dataset. Generalization errors for varying learning rates, asynchronous
delays, and decentralized topologies. (a). Fixed maximum delay τ = 32, ring topology; (b). Fixed learning rate α = 0.1, ring
topology; (c). Fixed α = 0.1, τ = 32.
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(b) Asynchronous delay
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(c) Decentralized topology

Figure 5: Non-convex ResNet-18 on the CIFAR-100 dataset. Generalization errors for varying learning rates, asynchronous
delays, and decentralized topologies. (a). Fixed maximum delay τ = 32, ring topology; (b). Fixed learning rate α = 0.1, ring
topology; (c). Fixed α = 0.1, τ = 32.
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(c) Decentralized topology

Figure 6: Non-convex ResNet-18 on the CIFAR-100 dataset. Training errors for varying learning rates, asynchronous delays,
and decentralized topologies. (a). Fixed maximum delay τ = 32, ring topology. Decreasing learning rate αt = α

1+0.01t with
varying α; (b). Fixed αt = 0.1

1+0.01t , ring topology; (c). Fixed αt = 0.1
1+0.01t , τ = 32.
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(c) Decentralized topology

Figure 7: Non-convex ResNet-18 on the CIFAR-100 dataset. Testing errors for varying learning rates, asynchronous delays,
and decentralized topologies. (a). Fixed maximum delay τ = 32, ring topology. Decreasing learning rate αt = α

1+0.01t with
varying α; (b). Fixed αt = 0.1

1+0.01t , ring topology; (c). Fixed αt = 0.1
1+0.01t , τ = 32.
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(b) Asynchronous delay
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(c) Decentralized topology

Figure 8: Non-convex ResNet-18 on the Tiny-ImageNet dataset. Generalization errors for varying learning rates, asynchronous
delays, and decentralized topologies. (a). Fixed maximum delay τ = 32, ring topology; (b). Fixed learning rate α = 0.1, ring
topology; (c). Fixed α = 0.1, τ = 32.
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Figure 9: Non-convex VGG-16 on the CIFAR-10 dataset. Generalization errors for varying learning rates, asynchronous delays,
and decentralized topologies. (a). Fixed maximum delay τ = 32, ring topology; (b). Fixed learning rate α = 0.1, ring topology;
(c). Fixed α = 0.1, τ = 32.
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Figure 10: Non-convex VGG-16 on the CIFAR-100 dataset. Generalization errors for varying learning rates, asynchronous
delays, and decentralized topologies. (a). Fixed maximum delay τ = 32, ring topology; (b). Fixed learning rate α = 0.1, ring
topology; (c). Fixed α = 0.1, τ = 32.
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Figure 11: Non-convex VGG-16 on the CIFAR-100 dataset. Training errors for varying learning rates, asynchronous delays,
and decentralized topologies. (a). Fixed maximum delay τ = 32, ring topology; (b). Fixed α = 0.1, ring topology; (c). Fixed
α = 0.1, τ = 32.
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Figure 12: Non-convex VGG-16 on the CIFAR-100 dataset. Testing errors for varying learning rates, asynchronous delays,
and decentralized topologies. (a). Fixed maximum delay τ = 32, ring topology; (b). Fixed α = 0.1, ring topology; (c). Fixed
α = 0.1, τ = 32.
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Figure 13: Non-convex VGG-16 on the Tiny-ImageNet dataset. Generalization errors for varying learning rates, asynchronous
delays, and decentralized topologies. (a). Fixed maximum delay τ = 32, ring topology; (b). Fixed learning rate α = 0.1, ring
topology; (c). Fixed α = 0.1, τ = 32.



B Missing Theoretical Proofs
B.1 Properties and Technical Lemmas
From the iterative format of AD-SGD, i.e.,

Xt+1 = XtW − αtG(X̂t; zjt), (B.1)

the consensus model has the following recursive property

xt+1 =
1

m

m∑
i=1

xt+1(i) =
1

m

m∑
i=1

m∑
k=1

wi,kxt(k)− αt
1

m
∇f(xt−τt(it); zjt(it))

=
1

m

m∑
i=1

xt(i)−
αt
m
∇f(xt−τt(it); zjt(it))

= xt −
αt
m
∇f(xt−τt(it); zjt(it)).

(B.2)

Lemma 4 (Lemma 3.7, (Hardt, Recht, and Singer 2016)) The following properties hold for every z.
1. Assume that f is β-smooth. Then∥∥∥x− α

m
∇f(x; z)− x′ +

α

m
∇f(x′; z)

∥∥∥ ≤ (1 +
βα

m
)‖x− x′‖. (B.3)

2. Assume that f is β-smooth, convex. Then for any α ≤ 2m/β∥∥∥x− α

m
∇f(x; z)− x′ +

α

m
∇f(x′; z)

∥∥∥ ≤ ‖x− x′‖. (B.4)

3. Assume that f is β-smooth, µ-strongly convex. Then for any α ≤ m/β∥∥∥x− α

m
∇f(x; z)− x′ +

α

m
∇f(x′; z)

∥∥∥ ≤ (1− µα

m
)‖x− x′‖. (B.5)

Lemma 5 For any 0 < λ < 1 and t ∈ Z+, it holds
t−1∑
s=1

λt−1−s

s+ 1
≤ Cλ

t
, (B.6)

where Cλ = 8
λe2 ln2 1

λ

+ 2
λ ln 1

λ

is a constant.

Proof. The proof is very similar to [Lemma 5, (Sun, Li, and Wang 2021)], and we include a proof for completeness. For any
0 < λ < 1, x ∈ [s, s+ 1], we have that λ

t−1−s

s+1 ≤ λt−1−x

x . Then

t−1∑
s=1

λt−1−s

s+ 1
≤

t−1∑
s=1

∫ s+1

s

λt−1−x

x
dx ≤ λt−1

∫ t

1

λ−x

x
dx ≤ λt−1

∫ t
2

1

λ−x

x
dx+ λt−1

∫ t

t
2

λ−x

x
dx

≤ λ t2−1
∫ t

2

1

1

x
dx+

2λt−1

t

∫ t

t
2

λ−xdx ≤ λ t2−1 ln( t
2
) +

2

tλ ln 1
λ

≤ tλ
t
2−1

2
+

2

tλ ln 1
λ

.

Now, we provide the bound for supt≥1{t2λ
t
2−1}. It is easy to check that t = 4/ ln 1

λ achieves the maximum, which indicates

sup
t≥1
{t2λ t2−1} ≤ 16

λe2 ln2 1
λ

.

In conclude, for 0 < λ < 1

t−1∑
s=1

λt−1−s

s+ 1
≤

[
8

λe2 ln2 1
λ

+
2

λ ln 1
λ

]
1

t
.

We then competed the proof.
�



B.2 Proof of Lemma 2

From the iterative format (B.1) of AD-SGD and the following notation

Xt = [xt(1) xt(2) · · · xt(m)];

G(X̂t; zjt) = [0 · · · 0 · · · ∇f(xt−τt(it); zjt(it)) 0 · · · 0],

we have that xt = Xt1m
m ,xt(i) = Xtei, where ei is the column vector in Rm whose i-th element is 1. Then we can derive

‖xt+1 − xt+1(i)‖ =
∥∥∥∥Xt+11m

m
−Xt+1ei

∥∥∥∥
=

∥∥∥∥∥XtW1m − αtG(X̂t; zjt)1m
m

− (XtWei − αtG(X̂t; zjt)ei)

∥∥∥∥∥
=

∥∥∥∥∥Xt1m − αtG(X̂t; zjt)1m
m

− (XtWei − αtG(X̂t; zjt)ei)

∥∥∥∥∥
=

∥∥∥∥∥X11m −
∑t
s=1 αsG(X̂s; zjs)1m

m
−

(
X1W

tei −
t∑

s=1

αsG(X̂s; zjs)W
t−sei

)∥∥∥∥∥
(a)
=

∥∥∥∥∥
t∑

s=1

αsG(X̂s; zjs)

(
1m
m
−Wt−sei

)∥∥∥∥∥
(b)

≤ L

t∑
s=1

αs

∥∥∥∥1mm −Wt−sei

∥∥∥∥
(c)

≤ L

t∑
s=1

αsλ
t−s,

where (a) uses x1(1) = x1(2) = · · · = x1(m), which indicates X1W = X1
X11m
m −X1ei = 0,∀ i. (b) uses the bounded

gradient assumption, and (c) uses the properties of the doubly random matrix W ([Lemma 3, (Lian et al. 2018)]). Thus

‖xt+1 − xt+1(i)‖ ≤ L
t∑

s=1

αsλ
t−s. (B.7)

Remark 1 If t = 1, we have that ‖x1 − x1(i)‖ = 0, then we define
∑t−1
s=1 αsλ

t−s|t=1 = 0.

�

B.3 Proof of Lemma 3

‖xt − xt−τt‖ ≤
t−1∑

s=t−τt

‖xs+1 − xs‖ ≤
t−1∑

s=t−τt

αs
m
‖∇f(xs−τs(is); zjt(is))‖ ≤

L

m

t−1∑
s=t−τt

αs. (B.8)

Remark 2 If τt = 0, we have that ‖xt − xt−τt‖ = 0, then we define
∑t−1
s=t−τt αs|τt=0 = 0.

�

B.4 Proof of Theorem 1 (generalization error in the convex case)

Let S = {z1, · · · , zj∗ , · · · , zn} and S ′ = {z1, · · · , z′j∗ , · · · , zn} be two training dataset of size n differing in only a single
example zj∗ . xT and x′T denote the output model of running AD-SGD on S and S ′ for T iterations, respectively. For the two
data dividing methods, the probability of AD-SGD selecting the same sample in both S and S ′ at the t-th iteration is 1 − 1

n ,



i.e., jt(it) 6= j∗. Then we have

‖xt+1 − x′t+1‖ = ‖xt −
αt
m
∇f(xt−τt(it); zjt(it))− x′t +

αt
m
∇f(x′t−τt(it); zjt(it))‖

≤ ‖xt −
αt
m
∇f(xt; zjt(it))− x′t +

αt
m
∇f(x′t; zjt(it))‖

+ ‖αt
m
∇f(xt; zjt(it))−

αt
m
∇f(xt−τt ; zjt(it)) +

αt
m
∇f(xt−τt ; zjt(it))−

αt
m
∇f(xt−τt(it); zjt(it))‖

+ ‖αt
m
∇f(x′t; zjt(it))−

αt
m
∇f(x′t−τt ; zjt(it)) +

αt
m
∇f(x′t−τt ; zjt(it))−

αt
m
∇f(x′t−τt(it); zjt(it))‖

(a)

≤ ‖xt − x′t‖+
βαt
m
‖xt − xt−τt‖+

βαt
m
‖xt−τt − xt−τt(it)‖+

βαt
m
‖x′t − x′t−τt‖+

βαt
m
‖x′t−τt − x′t−τt(it)‖

(b)

≤ ‖xt − x′t‖+
2βαt
m

L

m

t−1∑
s=t−τt

αs +
2βαt
m

L

t−τt−1∑
s=1

αsλ
t−τt−1−s

≤ ‖xt − x′t‖+
2βLαt
m

( t−τt−1∑
s=1

αsλ
t−τt−1−s +

t−1∑
s=t−τt

αs
m

)
,

(B.9)

where (a) uses the convexity (B.4) and the β-smoothness assumption; (b) uses inequalities (B.7), (B.8). With probability 1
n the

selected example is different, i.e., jt(it) = j∗. With the bounded gradient assumption, we have

‖xt+1 − x′t+1‖ = ‖xt −
αt
m
∇f(xt−τt(it); zj∗)− x′t +

αt
m
∇f(x′t−τt(it); z

′
j∗)‖ ≤ ‖xt − x′t‖+

2Lαt
m

. (B.10)

Denote δt = ‖xt − x′t‖, then δ1 = ‖x1 − x′1‖ = 0. With inequalities (B.9) and (B.10), taking expectation of δt+1 with respect
to the randomness of the algorithm, we have

E[δt+1] ≤ (1− 1

n
)E[δt] + (1− 1

n
)
2βLαt
m

( t−τt−1∑
s=1

αsλ
t−τt−1−s +

t−1∑
s=t−τt

αs
m

)
+

1

n
E[δt] +

1

n

2Lαt
m

≤ E[δt] +
2Lαt
nm

+
2(n− 1)βLαt

nm

( t−τt−1∑
s=1

αsλ
t−τt−1−s +

t−1∑
s=t−τt

αs
m

)
.

(B.11)

We then have

E[δT ] ≤
2L

nm

T−1∑
t=1

αt +
2(n− 1)βL

nm

T−1∑
t=1

αt

[ t−τt−1∑
s=1

αsλ
t−τt−1−s +

t−1∑
s=t−τt

αs
m

]

≤ 2L

n

T−1∑
t=1

αt
m

+ 2βL

T−1∑
t=1

αt
m

[ t−τt−1∑
s=1

αsλ
t−τt−1−s +

t−1∑
s=t−τt

αs
m

]
.

(B.12)

For every z, the L-Lipschitz condition indicate that

E|f(xT ; z)− f(x′T ; z)| ≤ LE[δT ] ≤
2L2

n

T−1∑
t=1

αt
m

+ 2βL2
T−1∑
t=1

αt
m

[ t−τt−1∑
s=1

αsλ
t−τt−1−s +

t−1∑
s=t−τt

αs
m

]
,

which means that the uniform stability satisfies

εstab ≤
T−1∑
t=1

[2L2αt
nm

+
2βL2αt
m

( t−τt−1∑
s=1

αsλ
t−τt−1−s +

t−1∑
s=t−τt

αs
m

)]
. (B.13)
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B.5 Proof of Corollary 1 (generalization error for different learning rate in the convex case)
According to (B.13), for the constant learning rate αt = α, we have

εstab ≤
2L2

nm

T−1∑
t=1

α+ 2βL2
T−1∑
t=1

α

m

[ t−τt−1∑
s=1

αλt−τt−1−s +

t−1∑
s=t−τt

α

m

]

≤ 2L2α(T − 1)

nm
+

2βL2α2

m

T−1∑
t=1

( 1

1− λ
+
τt
m

)
≤ 2L2α(T − 1)

nm
+

2βL2α2(T − 1)

m

( 1

1− λ
+
τ

m

)
.



For the decreasing learning rate αt = 1
t+1 , it follows that

εstab ≤
2L2

nm

T−1∑
t=1

αt +
2βL2

m

T−1∑
t=1

αt

[ t−τt−1∑
s=1

αsλ
t−τt−1−s +

t−1∑
s=t−τt

αs
m

]

≤ 2L2

nm

T−1∑
t=1

1

t+ 1
+

2βL2

m

T−1∑
t=1

1

t+ 1

[ 1

λτ

t−1∑
s=1

λt−1−s

s+ 1
+

t−1∑
s=t−τt

1

m(s+ 1)

]
(a)

≤ 2L2

nm
lnT +

2βL2

m

T−1∑
t=1

1

t+ 1

[ Cλ
tλτ

+
τt

m(t− τt + 1)

]
≤ 2L2

nm
lnT +

2βL2

m

[Cλ
λτ

T−1∑
t=1

(
1

t
− 1

t+ 1
) +

1

m

T−1∑
t=1

(
1

t− τt + 1
− 1

t+ 1
)
]

(b)

≤ 2L2

nm
lnT +

2βL2

m

(Cλ
λτ

+
τ + ln(τ + 1)

m

)
≤ 2L2

nm
lnT +

2βL2

m

(Cλ
λτ

+
2τ

m

)
,

where (a) uses the inequality (B.6) and

T−1∑
t=1

1

t+ 1
≤
T−1∑
t=1

∫ t+1

t

1

x
dx ≤

∫ T

1

1

x
dx ≤ lnT, (B.14)

and (b) uses

T−1∑
t=1

(
1

t− τt + 1
− 1

t+ 1
) ≤

τ∑
t=1

(1− 1

t+ 1
) +

T−1∑
t=τ+1

(
1

t− τ + 1
− 1

t+ 1
)

≤ τ +
τ∑
t=1

1

t+ 1
−

T−1∑
t=T−τ

1

t+ 1
≤ τ +

τ∑
t=1

∫ t+1

t

1

x
dx ≤ τ + ln(τ + 1).

(B.15)
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B.6 Proof of Theorem 2 (generalization error for different learning rate in the strongly convex case)

xT and x′T denote the output model of running AD-SGD on S and S ′ for T iterations, respectively. With probability 1− 1
n , the

example selected in S and S ′ is the same at the t-th iteration, i.e., jt(it) 6= j∗. Then we have

‖xt+1 − x′t+1‖ = ‖xt −
αt
m
∇f(xt−τt(it); zjt(it))− x′t +

αt
m
∇f(x′t−τt(it); zjt(it))‖

≤ ‖xt −
αt
m
∇f(xt; zjt(it))− x′t +

αt
m
∇f(x′t; zjt(it))‖

+ ‖αt
m
∇f(xt; zjt(it))−

αt
m
∇f(xt−τt ; zjt(it)) +

αt
m
∇f(xt−τt ; zjt(it))−

αt
m
∇f(xt−τt(it); zjt(it))‖

+ ‖αt
m
∇f(x′t; zjt(it))−

αt
m
∇f(x′t−τt ; zjt(it)) +

αt
m
∇f(x′t−τt ; zjt(it))−

αt
m
∇f(x′t−τt(it); zjt(it))‖

(a)

≤ (1− µαt
m

)‖xt − x′t‖+
βαt
m
‖xt − xt−τt‖+

βαt
m
‖xt−τt − xt−τt(it)‖+

βαt
m
‖x′t − x′t−τt‖+

βαt
m
‖x′t−τt − x′t−τt(it)‖

(b)

≤ (1− µαt
m

)‖xt − x′t‖+
2βαt
m

L

m

t−1∑
s=t−τt

αs +
2βαt
m

L

t−τt−1∑
s=1

αsλ
t−τt−1−s

≤ (1− µαt
m

)‖xt − x′t‖+
2βLαt
m

( t−τt−1∑
s=1

αsλ
t−τt−1−s +

t−1∑
s=t−τt

αs
m

)
,

(B.16)



where (a) uses the strong convexity (B.5) and the β-smoothness assumption; (b) uses inequalities (B.7), (B.8). With probability
1
n the selected example is different, i.e., jt(it) = j∗. With the bounded gradient assumption, we have

‖xt+1 − x′t+1‖ = ‖xt −
αt
m
∇f(xt−τt(it); zj∗)− x′t +

αt
m
∇f(x′t−τt(it); z

′
j∗)‖

≤ ‖xt −
αt
m
∇f(xt; zj∗)− x′t +

αt
m
∇f(x′t; zj∗)‖

+ ‖αt
m
∇f(xt; zj∗)−

αt
m
∇f(xt−τt ; zj∗) +

αt
m
∇f(xt−τt ; zj∗)−

αt
m
∇f(xt−τt(it); zj∗)‖

+ ‖αt
m
∇f(x′t; zj∗)−

αt
m
∇f(x′t−τt ; zj∗) +

αt
m
∇f(x′t−τt ; zj∗)−

αt
m
∇f(x′t−τt(it); zj∗)‖

+ ‖αt
m
∇f(x′t−τt(it); zj∗)−

αt
m
∇f(x′t−τt(it); z

′
j∗)‖

≤ (1− µαt
m

)‖xt − x′t‖+
βαt
m
‖xt − xt−τt‖+

βαt
m
‖xt−τt − xt−τt(it)‖+

βαt
m
‖x′t − x′t−τt‖+

βαt
m
‖x′t−τt − x′t−τt(it)‖

+
αt
m
‖∇f(x′t−τt(it); zj∗)−∇f(x

′
t−τt(it); z

′
j∗)‖

≤ (1− µαt
m

)‖xt − x′t‖+
2βαt
m

L

m

t−1∑
s=t−τt

αs +
2βαt
m

L

t−τt−1∑
s=1

αsλ
t−τt−1−s +

2Lαt
m

≤ (1− µαt
m

)‖xt − x′t‖+
2Lαt
m

+
2βLαt
m

( t−τt−1∑
s=1

αsλ
t−τt−1−s +

t−1∑
s=t−τt

αs
m

)
.

(B.17)

Combining the inequalities (B.16) and (B.17), we have

E[δt+1] ≤ (1− 1

n
)(1− µαt

m
)E[δt] + (1− 1

n
)
2βLαt
m

( t−τt−1∑
s=1

αsλ
t−τt−1−s +

t−1∑
s=t−τt

αs
m

)

+
1

n
(1− µαt

m
)E[δt] +

1

n

2βLαt
m

( t−τt−1∑
s=1

αsλ
t−τt−1−s +

t−1∑
s=t−τt

αs
m

)
+

1

n

2Lαt
m

≤ (1− µαt
m

)E[δt] +
2Lαt
nm

+
2βLαt
m

( t−τt−1∑
s=1

αsλ
t−τt−1−s +

t−1∑
s=t−τt

αs
m

)
.

We then derive

E[δT ] ≤
T−1∑
t=1

( T−1∏
k=t+1

(1− µαk
m

)
)[2Lαt

nm
+

2βLαt
m

( t−τt−1∑
s=1

αsλ
t−τt−1−s +

t−1∑
s=t−τt

αs
m

)]
. (B.18)

For every z, the L-Lipschitz condition indicate that

E|f(xT ; z)− f(x′T ; z)| ≤ LE[δT ] ≤
T−1∑
t=1

( T−1∏
k=t+1

(1− µαk
m

)
)
·
[2L2αt
nm

+
2βL2αt
m

( t−τt−1∑
s=1

αsλ
t−τt−1−s +

t−1∑
s=t−τt

αs
m

)]
,

which means the uniform stability satisfies

εstab ≤
T−1∑
t=1

( T−1∏
k=t+1

(1− µαk
m

)
)[2L2αt

nm
+

2βL2αt
m

( t−τt−1∑
s=1

αsλ
t−τt−1−s +

t−1∑
s=t−τt

αs
m

)]
.



For the constant learning rate αt = α, we have

εstab ≤
T−1∑
t=1

(
(1− µα

m
)T−1−t

)[2L2α

nm
+

2βL2α2

m

( t−τt−1∑
s=1

λt−τt−1−s +

t−1∑
s=t−τt

1

m

)]

≤
[2L2α

nm
+

2βL2α2

m

( 1

1− λ
+
τ

m

)]
·
T−1∑
t=1

(1− µα

m
)T−1−t

≤
[2L2α

nm
+

2βL2α2

m

( 1

1− λ
+
τ

m

)]
· m
µα

≤ 2L2

µn
+

2βL2α

µ

( 1

1− λ
+
τ

m

)
.

For the decreasing learning rate αt = m
µ(t+1) , the stability turns to

εstab ≤
T−1∑
t=1

( T−1∏
k=t+1

(1− 1

k + 1
)
)[ 2L2

µn(t+ 1)
+

2βL2

µ(t+ 1)

(m
µ

t−τt−1∑
s=1

λt−τt−1−s

s+ 1
+

1

µ

t−1∑
s=t−τt

1

s+ 1

)]

≤
T−1∑
t=1

t+ 1

T

[ 2L2

µn(t+ 1)
+

2βL2

µ(t+ 1)

( m

µλτ

t−1∑
s=1

λt−1−s

s+ 1
+

1

µ

t−1∑
s=t−τt

1

s+ 1

)]
(a)

≤
T−1∑
t=1

t+ 1

T

[ 2L2

µn(t+ 1)
+

2βL2

µ(t+ 1)

(mCλ
µtλτ

+
τt

µ(t− τt + 1)

)]
≤
T−1∑
t=1

[ 2L2

µnT
+

2βL2

µT

(mCλ
µtλτ

+
τ

µ(t− τt + 1)

)]
(b)

≤ 2L2

µn
+

2mβL2Cλ
µ2λτ

lnT + 1

T
+

2βL2

µ2

τ2 + τ lnT

T

≤ 2L2

µn
+

2βL2(mCλ + τ2λτ )

µ2λτ
lnT + 1

T
,

where (a) uses the inequality (B.6), and (b) uses the following inequalities
T−1∑
t=1

1

t
= 1 +

T−2∑
t=1

1

t+ 1
≤ 1 +

T−2∑
t=1

∫ t+1

t

1

x
dx ≤ 1 +

∫ T−1

1

1

x
dx ≤ lnT + 1; (B.19)

T−1∑
t=1

1

t− τt + 1
≤

τ∑
t=1

1

t− τt + 1
+

T−1∑
t=τ+1

1

t− τ + 1
≤ τ +

T−τ−1∑
t=1

1

t+ 1
≤ τ + ln(T − τ) ≤ τ + lnT. (B.20)
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B.7 Proof of Theorem 3 (generalization error in the non-convex case)
xT and x′T denote the output model of running AD-SGD on S and S ′ for T iterations, respectively. With probability 1− 1

n , the
example selected in S and S ′ is the same at the t-th iteration, i.e., jt(it) 6= j∗. Then we have

‖xt+1 − x′t+1‖ = ‖xt −
αt
m
∇f(xt−τt(it); zjt(it))− x′t +

αt
m
∇f(x′t−τt(it); zjt(it))‖

≤ ‖xt − x′t‖+
αt
m
‖∇f(xt−τt(it); zjt(it))−∇f(x

′
t−τt(it); zjt(it))‖

≤ ‖xt − x′t‖+
αt
m

[
‖∇f(xt−τt ; zjt(it))−∇f(x

′
t−τt ; zjt(it))‖

+ ‖∇f(xt−τt(it); zjt(it))−∇f(xt−τt ; zjt(it))‖+ ‖∇f(x
′
t−τt ; zjt(it))−∇f(x

′
t−τt(it); zjt(it))‖

]
≤ ‖xt − x′t‖+

βαt
m
‖xt−τt − x′t−τt‖+

βαt
m
‖xt−τt − xt−τt(it)‖+

βαt
m
‖x′t−τt − x′t−τt(it)‖

≤ ‖xt − x′t‖+
βαt
m
‖xt−τt − x′t−τt‖+

2βLαt
m

t−τt−1∑
s=1

αsλ
t−τt−1−s.

(B.21)



With probability 1
n , jt = j∗, we can get

‖xt+1 − x′t+1‖ = ‖xt −
αt
m
∇f(xt−τt(it); zj∗)− x′t +

αt
m
∇f(x′t−τt(it); z

′
j∗)‖

≤ ‖xt − x′t‖+
2Lαt
m

.
(B.22)

Combining inequalities (B.21) and (B.22), we have

E[δt+1] ≤ (1− 1

n
)E[δt] + (1− 1

n
)
βαt
m

E[δt−τt ] + (1− 1

n
)
2βLαt
m

t−τt−1∑
s=1

αsλ
t−τt−1−s +

1

n
E[δt] +

1

n

2Lαt
m

≤ E[δt] +
(n− 1)βαt

nm
E[δt−τt ] +

2Lαt
nm

+
2(n− 1)βLαt

nm

t−τt−1∑
s=1

αsλ
t−τt−1−s

≤ E[δt] +
βαt
m

max
t−τt≤k≤t

E[δk] +
2Lαt
m

( 1
n
+

t−τt−1∑
s=1

βαs.λ
t−τt−1−s

)
.

(B.23)

Following [Proposition 2, (Regatti et al. 2019)] and we define
∏t′

k=t′+1(1 +
βαk
m ) = 1. Then we have

E[δT ] ≤
T−1∑
t=1

(
T−1∏
k=t+1

(1 +
βαk
m

)

)
2Lαt
m

(
1

n
+

t−τt−1∑
s=1

βαsλ
t−τt−1−s

)
. (B.24)

For every z, the L-Lipschitz condition indicate that

E|f(xT ; z)− f(x′T ; z)| ≤ LE[δT ] ≤
T−1∑
t=1

( T−1∏
k=t+1

(1 +
βαk
m

)
)2L2αt

m

(
1

n
+

t−τt−1∑
s=1

βαsλ
t−τt−1−s

)
.

which means the uniform stability in the non-convex case satisfies

εstab ≤
T−1∑
t=1

( T−1∏
k=t+1

(1 +
βαk
m

)
)2L2αt

m

(
1

n
+

t−τt−1∑
s=1

βαsλ
t−τt−1−s

)
. (B.25)
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B.8 Proof of Corollary 2 (generalization error for different learning rate in the non-convex case)

According to (B.25), for the constant learning rate αt = α, we have

εstab ≤
T−1∑
t=1

( T−1∏
k=t+1

(1 +
βα

m
)
)2L2α

m

(
1

n
+

t−τt−1∑
s=1

βαλt−τt−1−s

)

≤
(2L2α

nm
+

2βL2α2

m(1− λ)

) T−1∑
t=1

(1 +
βα

m
)T−1−t

≤
(2L2α

nm
+

2βL2α2

m(1− λ)

) m
βα

[
(1 +

βα

m
)T−1 − 1

]
≤ 2L2(1 + βnα− λ)

βn(1− λ)
(1 +

βα

m
)T−1.

(B.26)



For the decreasing learning rate αt = mc
t+1 , it follows that

εstab ≤
T−1∑
t=1

{
T−1∏
k=t+1

(1 +
βc

k + 1
)

}( 2L2c

n(t+ 1)
+

2βL2mc2

t+ 1

t−τt−1∑
s=1

λt−τt−1−s

s+ 1

)
(a)

≤
T−1∑
t=1

{
T−1∏
k=t+1

exp
( βc

k + 1

)}( 2L2c

n(t+ 1)
+

2βL2mc2

t+ 1

t−τt−1∑
s=1

λt−τt−1−s
)

≤
T−1∑
t=1

exp
(
βc

T−1∑
k=t+1

1

k + 1

)[ 2L2c

n(t+ 1)
+

2βL2mc2

(1− λ)(t+ 1)

]
(b)

≤
T−1∑
t=1

exp
(
βc ln(

T

t+ 1
)
)[ 2L2c

n(t+ 1)
+

2βL2mc2

(1− λ)(t+ 1)

]
≤
[
2L2c

n
+

2βL2mc2

1− λ

]
T βc

T−1∑
t=1

(t+ 1)−βc−1

(c)

≤
[
2L2c

n
+

2βL2mc2

1− λ

]
T βc

1

βc
(1− 1

T βc
)

≤ 2L2(1 + βnmc− λ)
βn(1− λ)

T βc,

(B.27)

where (a) uses 1 + x ≤ ex. (b) and (c) respectively use the following inequalities
T−1∑
k=t+1

1

k + 1
≤

T−1∑
k=t+1

∫ k+1

k

1

x
dx ≤

∫ T

t+1

1

x
dx = ln(

T

t+ 1
);

T−1∑
t=1

(t+ 1)−βc−1 ≤
T−1∑
t=1

∫ t+1

t

x−βc−1dx ≤
∫ T

1

x−βc−1dx =
1

βc
(1− T−βc).

With c = 1/β, we have

εstab ≤
2L2(1 + nm− λ)

βn(1− λ)
T.

�

B.9 Proof of Theorem 4 (generalization error for decreasing learning rate in the non-convex case)
Following [Lemma 3.11, (Hardt, Recht, and Singer 2016)], let δt0=0 and we have

εstab ≤
t0
n

+ LE[δT |δt0=0].

Similar to the derivation in (B.27), we have

E[δT |δt0=0] ≤
2L(1 + βnmc− λ)

βn(1− λ)

(
T

t0

)βc
.

Then we get

εstab ≤
t0
n

+
2L2(1 + βnmc− λ)

βn(1− λ)

(
T

t0

)βc
.

Assume c is small enough, minimizing this bound with respect to t0, i.e., let

t0 =

[
2L2c(1 +

βnmc

1− λ
)

] 1
βc+1

T
βc
βc+1 ,

then the uniform stability satisfies

εstab ≤
1 + 1/βc

n

[
2L2c(1 +

βnmc

1− λ
)

] 1
βc+1

T
βc
βc+1 .

�



B.10 Proof of Theorem 5 (optimization error and excess generalization error in the strongly convex case)
Recall that xt is the output model after minimizing the empirical risk FS for tAD-SGD iterations, and x∗S denotes the minimizer
of FS . From the iterative relation (B.2), we can derive

E‖xt+1 − x∗S‖2 = E‖xt −
αt
m
∇f(xt−τt(it); zjt(it))− x∗S‖2

≤ E‖xt − x∗S‖2 +
2αt
m

E〈−∇f(xt−τt(it); zjt(it)),xt − x∗S〉+
α2
t

m2
E‖∇f(xt−τt(it); zjt(it))‖

2

≤ E‖xt − x∗S‖2 +
2αt
m

E〈−∇f(xt; zjt(it)),xt − x∗S〉+
2αt
m

E〈∇f(xt; zjt(it))−∇f(xt−τt(it); zjt(it)),xt − x∗S〉+
L2α2

t

m2

(a)

≤ E‖xt − x∗S‖2 +
2αt
m

E〈−∇f(xt; zjt(it)),xt − x∗S〉+
4rαt
m

E‖∇f(xt; zjt(it))−∇f(xt−τt(it); zjt(it))‖+
L2α2

t

m2

≤ E‖xt − x∗S‖2 +
2αt
m

E〈−∇f(xt; zjt(it)),xt − x∗S〉+
L2α2

t

m2

+
4rαt
m

[
E‖∇f(xt; zjt(it))−∇f(xt−τt ; zjt(it))‖+ E‖∇f(xt−τt ; zjt(it))−∇f(xt−τt(it); zjt(it))‖

]
≤ E‖xt − x∗S‖2 +

2αt
m

E〈−∇f(xt; zjt(it)),xt − x∗S〉+
4βrαt
m

[‖xt − xt−τt‖+ ‖xt−τt − xt−τt(it)‖] +
L2α2

t

m2

(b)

≤ E‖xt − x∗S‖2 +
2αt
m

E〈−∇f(xt; zjt(it)),xt − x∗S〉+
4βrLαt
m

[
t−τt−1∑
s=1

αsλ
t−τt−1−s +

t−1∑
s=t−τt

αs
m

]
+
L2α2

t

m2

(c)

≤ (1− 2µαt
m

)E‖xt − x∗S‖2 +
4βrLαt
m

(
t−τt−1∑
s=1

αsλ
t−τt−1−s +

t−1∑
s=t−τt

αs
m

)
+
L2α2

t

m2
,

(B.28)

where (a) uses the inequality 〈a,b〉 ≤ ‖a‖‖b‖ and Assumption 4 (r is the radius of the close ball). (b) uses inequalities (B.7)
and (B.8). (c) employs the following µ-strongly convexity

〈∇f(xt),xt − x∗S〉 ≥ µ‖xt − x∗S‖2.

We then have

E‖xT − x∗S‖2 ≤
T−1∑
t=1

( T−1∏
k=t+1

(1− 2µαk
m

)
)[L2α2

t

m2
+

4βrLαt
m

( t−τt−1∑
s=1

αsλ
t−τt−1−s +

t−1∑
s=t−τt

αs
m

)]

+

T−1∏
t=1

(1− 2µαt
m

)‖x1 − x∗S‖2.

For the constant learning rate αt = α

E‖xT − x∗S‖2 ≤
T−1∑
t=1

(
(1− 2µα

m
)T−1−t

)[L2α2

m2
+

4βrLα2

m

( t−τt−1∑
s=1

λt−τt−1−s +

t−1∑
s=t−τt

1

m

)]
+ (1− 2µα

m
)T−1‖x1 − x∗S‖2

≤
[L2α2

m2
+

4βrLα2

m

( 1

1− λ
+
τ

m

)]
·
T−1∑
t=1

(1− 2µα

m
)T−1−t + (1− 2µα

m
)T−1‖x1 − x∗S‖2

≤
[L2α2

m2
+

4βrLα2

m

( 1

1− λ
+
τ

m

)]
· m
2µα

+ (1− 2µα

m
)T−1‖x1 − x∗S‖2

≤ L2α

2µm
+

2βrLα

µ

( 1

1− λ
+
τ

m

)
+ (1− 2µα

m
)T−1‖x1 − x∗S‖2.

With β-smooth property, the optimization error satisfies

εopt = E[FS(xT )− FS(x∗S)] ≤ E〈∇FS(x∗S),xT − x∗S〉+
β

2
E‖xT − x∗S‖2 ≤

β

2
E‖xT − x∗S‖2

≤ βL2α

4µm
+
β2rLα

µ

( 1

1− λ
+
τ

m

)
+ (1− 2µα

m
)T−1

β‖x1 − x∗S‖2

2
.



Following the decomposition (1), the excess generalization error satisfies

εexc ≤ εstab + εopt

≤ 2L2

µn
+

2βL2α

µ

( 1

1− λ
+
τ

m

)
+
βL2α

4µm
+
β2rLα

µ

( 1

1− λ
+
τ

m

)
+ (1− 2µα

m
)T−1

β‖x1 − x∗S‖2

2

≤ L2(8m+ βnα)

4µnm
+
βLα(2L+ βr)

µ

( 1

1− λ
+
τ

m

)
+ (1− 2µα

m
)T−1

β‖x1 − x∗S‖2

2
.

For the decreasing learning rate αt = m
2µ(t+1) , we have

E‖xT − x∗S‖2

≤
T−1∑
t=1

( T−1∏
k=t+1

(1− 1

k + 1
)
)[ L2

4µ2(t+ 1)2
+

2βrL

µ(t+ 1)

(m
2µ

t−τt−1∑
s=1

λt−τt−1−s

s+ 1
+

1

2µ

t−1∑
s=t−τt

1

s+ 1

)]

+

T−1∏
t=1

(1− 1

t+ 1
)‖x1 − x∗S‖2

≤
T−1∑
t=1

t+ 1

T

[ L2

4µ2(t+ 1)2
+

2βrL

µ(t+ 1)

( m

2µλτ

t−1∑
s=1

λt−1−s

s+ 1
+

1

2µ

t−1∑
s=t−τt

1

s+ 1

)]
+
‖x1 − x∗S‖2

T

(a)

≤
T−1∑
t=1

t+ 1

T

[ L2

4µ2(t+ 1)2
+

2βrL

µ(t+ 1)

( mCλ
2µtλτ

+
τt

2µ(t− τt + 1)

)]
+
‖x1 − x∗S‖2

T

≤
T−1∑
t=1

[ L2

4µ2T (t+ 1)
+

2βrL

µT

( mCλ
2µtλτ

+
τ

2µ(t− τt + 1)

)]
+
‖x1 − x∗S‖2

T

(b)

≤ L2 lnT

4µ2T
+
βrLmCλ
µ2λτ

lnT + 1

T
+
βrL

µ2

τ2 + τ lnT

T
+
‖x1 − x∗S‖2

T

≤ L2 lnT

4µ2T
+
βrL(mCλ + τ2λτ )

µ2λτ
lnT + 1

T
+
‖x1 − x∗S‖2

T
,

where (a) uses inequality (B.6), and (b) uses (B.14), (B.19) and (B.20). With β-smooth property, the optimization error satisfies

εopt = E[FS(xT )− FS(x∗S)] ≤ E〈∇FS(x∗S),xT − x∗S〉+
β

2
E‖xT − x∗S‖2 ≤

β

2
E‖xT − x∗S‖2

≤ βL2 lnT

8µ2T
+
β2rL(mCλ + τ2λτ )

2µ2λτ
lnT + 1

T
+
β‖x1 − x∗S‖2

2T

≤ βL2 lnT

8µ2T
+
β2rL(mCλ + τ2λτ )

2µ2λτ
lnT + 1

T
+

2βr2

T
.

Following the decomposition (1), the excess generalization risk satisfies

εexc ≤ εstab + εopt

≤ 2L2

µn
+

2βL2(mCλ + τ2λτ )

µ2λτ
lnT + 1

T
+
βL2 lnT

8µ2T
+
β2rL(mCλ + τ2λτ )

2µ2λτ
lnT + 1

T
+
β‖x1 − x∗S‖2

2T

≤ 2L2

µn
+
βL(4L+ βr)(mCλ + τ2λτ )

2µ2λτ
lnT + 1

T
+
βL2 lnT

8µ2T
+
β‖x1 − x∗S‖2

2T
.

�



B.11 Proof of Theorem 6 and 7 (optimization error and excess generalization error in the convex case)

Similar to the analysis in (B.28), we have the following relationship

E‖xt+1 − x∗S‖2 = E‖xt −
αt
m
∇f(xt−τt(it); zjt(it))− x∗S‖2

≤ E‖xt − x∗S‖2 +
2αt
m

E〈−∇f(xt−τt(it); zjt(it)),xt − x∗S〉+
α2
t

m2
E‖∇f(xt−τt(it); zjt(it))‖

2

≤ E‖xt − x∗S‖2 +
2αt
m

E〈−∇f(xt; zjt(it)),xt − x∗S〉+
2αt
m

E〈∇f(xt; zjt(it))−∇f(xt−τt(it); zjt(it)),xt − x∗S〉+
L2α2

t

m2

≤ E‖xt − x∗S‖2 +
2αt
m

E〈−∇f(xt; zjt(it)),xt − x∗S〉+
4rαt
m

E‖∇f(xt; zjt(it))−∇f(xt−τt(it); zjt(it))‖+
L2α2

t

m2

≤ E‖xt − x∗S‖2 +
2αt
m

E〈−∇f(xt; zjt(it)),xt − x∗S〉+
L2α2

t

m2

+
4rαt
m

[
E‖∇f(xt; zjt(it))−∇f(xt−τt ; zjt(it))‖+ E‖∇f(xt−τt ; zjt(it))−∇f(xt−τt(it); zjt(it))‖

]
≤ E‖xt − x∗S‖2 +

2αt
m

E〈−∇f(xt; zjt(it)),xt − x∗S〉+
4βrαt
m

[‖xt − xt−τt‖+ ‖xt−τt − xt−τt(it)‖] +
L2α2

t

m2

≤ E‖xt − x∗S‖2 +
2αt
m

E〈−∇f(xt; zjt(it)),xt − x∗S〉+
4βrLαt
m

[
t−τt−1∑
s=1

αsλ
t−τt−1−s +

t−1∑
s=t−τt

αs
m

]
+
L2α2

t

m2

≤ E‖xt − x∗S‖2 −
2αt
m

E [FS(xt)− FS(x∗S)] +
4βrLαt
m

[
t−τt−1∑
s=1

αsλ
t−τt−1−s +

t−1∑
s=t−τt

αs
m

]
+
L2α2

t

m2
.

The last inequality uses the unbiased property of the stochastic gradient and the convexity of the loss function, i.e.,

〈∇FS(xt),xt − x∗S〉 ≥ FS(xt)− FS(x∗S).

Then we have

T∑
t=1

αtE [FS(xt)− FS(x∗S)] ≤
m

2
‖x1 − x∗S‖2 + 2βrL

T∑
t=1

αt

[
t−τt−1∑
s=1

αsλ
t−τt−1−s +

t−1∑
s=t−τt

αs
m

]
+
L2

2m

T∑
t=1

α2
t .

Devote the average model as

xT =

∑T
t=1 αtxt∑T
t=1 αt

.

It follows that

εopt = E[FS(xT )− FS(x∗S)] ≤
∑T
t=1 αtE [FS(xt)− FS(x∗S)]∑T

t=1 αt

≤ m‖x1 − x∗S‖2

2
∑T
t=1 αt

+
2βrL∑T
t=1 αt

T∑
t=1

αt

[
t−τt−1∑
s=1

αsλ
t−τt−1−s +

t−1∑
s=t−τt

αs
m

]
+
L2
∑T
t=1 α

2
t

2m
∑T
t=1 αt

.

For the constant learning rate αt = α

εopt ≤
m‖x1 − x∗S‖2

2
∑T
t=1 α

+
2βrL∑T
t=1 α

T∑
t=1

α

[
t−τt−1∑
s=1

αλt−τt−1−s +

t−1∑
s=t−τt

α

m

]
+
L2
∑T
t=1 α

2

2m
∑T
t=1 α

≤ m‖x1 − x∗S‖2

2Tα
+

2βrL

Tα

T∑
t=1

α2

[
1

1− λ
+
τ

m

]
+
L2Tα2

2mTα

≤ m‖x1 − x∗S‖2

2Tα
+ 2βrLα

[
1

1− λ
+
τ

m

]
+
L2α

2m
.



For the decreasing learning rate αt = 1
t+1 , we have

εopt ≤
m‖x1 − x∗S‖2

2
∑T
t=1

1
t+1

+
2βrL∑T
t=1

1
t+1

T∑
t=1

1

t+ 1

[
t−τt−1∑
s=1

λt−τt−1−s

s+ 1
+

t−1∑
s=t−τt

1

m(s+ 1)

]
+
L2
∑T
t=1

1
(t+1)2

2m
∑T
t=1

1
t+1

(a)

≤ m‖x1 − x∗S‖2

ln(T + 1)
+

4βrL

ln(T + 1)

T∑
t=1

1

t+ 1

[
Cλ
tλτ

+
τt

m(t− τt + 1)

]
+

L2

m ln(T + 1)

(b)

≤ m‖x1 − x∗S‖2

ln(T + 1)
+

4βrL

ln(T + 1)

[Cλ
λτ

+
τ + ln(τ + 1)

m

]
+

L2

m ln(T + 1)

≤
[
m‖x1 − x∗S‖2 + 4βrL(

Cλ
λτ

+
2τ

m
) +

L2

m

] 1

ln(T + 1)

≤
[
4mr2 + 4βrL(

Cλ
λτ

+
2τ

m
) +

L2

m

] 1

ln(T + 1)
,

where (a) uses (B.6) and the following inequalities

T∑
t=1

1

t+ 1
≥ 1

2

T∑
t=1

1

t
≥ 1

2

T∑
t=1

∫ t+1

t

1

x
dx ≥ 1

2
ln(T + 1); (B.29)

T∑
t=1

1

(t+ 1)2
≤

T∑
t=1

∫ t+1

t

1

x2
dx ≤

∫ T+1

1

1

x2
dx ≤ 1− 1

T + 1
≤ 1. (B.30)

(b) uses inequality (B.15). In the following, we fist derive the uniform stability bound for the average model xT . From the
analysis in (B.12), we have

E‖xt − x′t‖ ≤
2L

n

t−1∑
k=1

αk
m

+ 2βL

t−1∑
k=1

αk
m

[ k−τk−1∑
s=1

αsλ
k−τk−1−s +

k−1∑
s=k−τk

αs
m

]
.

Then we can derive

E‖xT − x′T ‖ = E

∥∥∥∥∥
∑T
t=1 αt (xt − x′t)∑T

t=1 αt

∥∥∥∥∥ ≤
∑T
t=1 αtE ‖xt − x′t‖∑T

t=1 αt

≤
2L
nm

∑T
t=1 αt

∑t−1
k=1 αk +

2βL
m

∑T
t=1 αt

∑t−1
k=1 αk

[∑k−τk−1
s=1 αsλ

k−τk−1−s +
∑k−1
s=k−τk

αs
m

]
∑T
t=1 αt

.

For the constant learning rate αt = α

E‖xT − x′T ‖ ≤
2Lα2

nm

∑T
t=1(t− 1) + 2βLα3

m

∑T
t=1(t− 1)

[
1

1−λ + τ
m

]
Tα

≤
2Lα2

nm
T (T−1)

2 + 2βLα3

m
T (T−1)

2

[
1

1−λ + τ
m

]
Tα

≤ Lα(T − 1)

nm
+
βLα2(T − 1)

m

[ 1

1− λ
+
τ

m

]
.

Combine with the L-Lipschitz condition, the uniform stability bound of xT satisfies

εave−stab ≤
L2α(T − 1)

nm
+
βL2α2(T − 1)

m

( 1

1− λ
+
τ

m

)
.

Then the excess generalization risk follows

εexc ≤ εave−stab + εopt

≤ L2α(T − 1)

nm
+
βL2α2(T − 1)

m

( 1

1− λ
+
τ

m

)
+
m‖x1 − x∗S‖2

2Tα
+ 2βrLα

[
1

1− λ
+
τ

m

]
+
L2α

2m
.



For the decreasing learning rate αt = 1
t+1

E‖xT − x′T ‖ ≤
2L
nm

∑T
t=1

1
t+1

∑t−1
k=1

1
k+1 + 2βL

m

∑T
t=1

1
t+1

∑t−1
k=1

1
k+1

[∑k−τk−1
s=1

1
s+1λ

k−τk−1−s +
∑k−1
s=k−τk

1
m(s+1)

]
∑T
t=1

1
t+1

(a)

≤
4L
nm

∑T
t=1

ln t
t+1 + 4βL

m

∑T
t=1

1
t+1

∑t−1
k=1

1
k+1

[
Cλ
λτ

1
k + τk

m(k−τk−1)

]
ln(T + 1)

(b)

≤
2L
nm ln2(T + 1) + 4βL

m

∑T
t=1

1
t+1

[
Cλ
λτ + τ+ln(τ+1)

m

]
ln(T + 1)

≤ 2L

nm
ln(T + 1) +

4βL

m

(
Cλ
λτ

+
2τ

m

)
,

where (a) uses inequalities (B.6), (B.14) and (B.29). (b) uses inequality (B.20) and

T∑
t=1

ln t

t+ 1
≤

T∑
t=1

∫ t+1

t

lnx

x
dx ≤

∫ T+1

1

lnx

x
dx =

ln2(T + 1)

2
.

Then the uniform stability bound of xT satisfies

εave−stab ≤
2L2

nm
ln(T + 1) +

4βL2

m

(
Cλ
λτ

+
2τ

m

)
.

The excess generalization risk in the decreasing learning rate follows

εexc ≤ εave−stab + εopt

≤ 2L2

nm
ln(T + 1) +

4βL2

m

(
Cλ
λτ

+
2τ

m

)
+
[
m‖x1 − x∗S‖2 + 4βrL(

Cλ
λτ

+
2τ

m
) +

L2

m

] 1

ln(T + 1)
.

�

B.12 Proof of Theorem 8 and 9 (optimization error and excess generalization error in the non-convex case)
With the β-smooth property, we have

E[FS(xt+1)− FS(xt)] ≤ E〈∇FS(xt),xt+1 − xt〉+
β

2
E‖xt+1 − xt‖2

≤ E〈∇FS(xt),−
αt
m
∇FS(xt)〉+ E

〈
∇f(xt(it); zjt),

αt
m

(
∇f(xt; zjt(it))−∇f(xt−τt(it); zjt(it))

)〉
+
βα2

t

2m2
E‖∇f(xt−τt(it); zjt(it))‖

2

≤ −αt
m

E‖∇FS(xt)‖2 +
αtL

m
E‖∇f(xt; zjt(it))−∇f(xt−τt(it); zjt(it))‖+

βL2α2
t

2m2

(a)

≤ −2γαt
m

E[FS(xt)− FS(x∗S)] +
βαtL

m
E [‖xt − xt−τt‖+ ‖xt−τt − xt−τt(it)‖] +

βL2α2
t

2m2

≤ −2γαt
m

E[FS(xt)− FS(x∗S)] +
βαtL

2

m

[
t−τt−1∑
s=1

αsλ
t−τt−1−s +

t−1∑
s=t−τt

αs
m

]
+
βL2α2

t

2m2
,

where (a) uses the following γ-PŁ condition

2γ[FS(xt)− FS(x∗S)] ≤ ‖∇FS(xt)‖2. (B.31)

Then we have

T∑
t=1

αtE [FS(xt)− FS(x∗S)] ≤
m

2γ
E[FS(x1)− FS(xT+1)] +

βL2

2γ

T∑
t=1

αt

[
t−τt−1∑
s=1

αsλ
t−τt−1−s +

t−1∑
s=t−τt

αs
m

]
+
βL2

4γm

T∑
t=1

α2
t .



The optimization error satisfies

εopt = E[FS(xT )− FS(x∗S)] ≤
∑T
t=1 αtE [FS(xt)− FS(x∗S)]∑T

t=1 αt

≤ mE[FS(x1)− FS(xT+1)]

2γ
∑T
t=1 αt

+
βL2

2γ
∑T
t=1 αt

T∑
t=1

αt

[
t−τt−1∑
s=1

αsλ
t−τt−1−s +

t−1∑
s=t−τt

αs
m

]
+
βL2

∑T
t=1 α

2
t

4γm
∑T
t=1 αt

≤ Lmr

γ
∑T
t=1 αt

+
βL2

2γ
∑T
t=1 αt

T∑
t=1

αt

[
t−τt−1∑
s=1

αsλ
t−τt−1−s +

t−1∑
s=t−τt

αs
m

]
+
βL2

∑T
t=1 α

2
t

4γm
∑T
t=1 αt

.

For the constant learning rate αt = α

εopt ≤
Lmr

γ
∑T
t=1 α

+
βL2

2γ
∑T
t=1 α

T∑
t=1

α

[
t−τt−1∑
s=1

αλt−τt−1−s +

t−1∑
s=t−τt

α

m

]
+
βL2

∑T
t=1 α

2

4γm
∑T
t=1 α

≤ Lmr

Tγα
+

βL2

2Tγα

T∑
t=1

α2

[
1

1− λ
+
τ

m

]
+
βL2Tα2

4γmTα

≤ Lmr

Tγα
+
βL2α

2γ

[
1

1− λ
+
τ

m

]
+
βL2α

4γm
.

(B.32)

For the decreasing learning rate αt = mc
t+1 , we have

εopt ≤
Lmr

γ
∑T
t=1

mc
t+1

+
βL2

2γ
∑T
t=1

mc
t+1

T∑
t=1

mc

t+ 1

[
mc

t−τt−1∑
s=1

λt−τt−1−s

s+ 1
+ c

t−1∑
s=t−τt

1

s+ 1

]
+
βL2

∑T
t=1(

mc
t+1 )

2

4γm
∑T
t=1

mc
t+1

(a)

≤ 2Lr

γc ln(T + 1)
+

βL2c

γ ln(T + 1)

T∑
t=1

1

t+ 1

[
mCλ
tλτ

+
τt

t− τt + 1

]
+

βL2c

2γ ln(T + 1)

(b)

≤ 2Lr

γc ln(T + 1)
+

βL2c

γ ln(T + 1)

[mCλ
λτ

+ τ + ln(τ + 1)
]
+

βL2c

2γ ln(T + 1)

≤
[
2Lr + βmL2c2(

Cλ
λτ

+
2τ

m
) +

βL2c2

2

] 1

γc ln(T + 1)
,

(B.33)

where (a) uses inequalities (B.6), (B.29) and (B.30). With c = 1
γ , we then get

εopt ≤
[
2Lr +

βmL2

γ2
(
Cλ
λτ

+
2τ

m
) +

βL2

2γ2

] 1

ln(T + 1)
.

For the constant learning rate αt = α, it follows from (B.26) that

E‖xT − x′T ‖ ≤
2Lα(1+βnα−λ)

βn(1−λ)
∑T
t=1(1 +

βα
m )t−1

Tα

≤
2Lα(1+βnα−λ)

βn(1−λ)
m
βα (1 +

βα
m )T

Tα

≤ 2Lm(1 + βnα− λ)
β2nα(1− λ)

(1 + βα
m )T

T
.

Then the uniform stability bound of xT satisfies

εave−stab ≤
2L2m(1 + βnα− λ)

β2nα(1− λ)
(1 + βα

m )T

T
.

Combined with the optimization error (B.32), we have

εexc ≤ εave−stab + εopt

≤ 2L2m(1 + βnα− λ)
β2nα(1− λ)

(1 + βα
m )T

T
+
Lmr

Tγα
+
βL2α

2γ

[
1

1− λ
+
τ

m

]
+
βL2α

4γm
.



For the decreasing learning rate αt = mc
t+1 , it follows from (B.27)

E‖xT − x′T ‖ ≤

∑T
t=1

mc
t+1

[
2L(1+βnmc−λ)

βn(1−λ)

]
tβc∑T

t=1
mc
t+1

(a)

≤
[
4L(1 + βnmc− λ)

βn(1− λ)

] ∑T
t=1(t+ 1)βc−1

ln(T + 1)

(b)

≤
[
4L(1 + βnmc− λ)

β2nc(1− λ)

]
(T + 1)βc

ln(T + 1)
,

where (a) uses inequality (B.29). With c < 1
β , (b) follows from

T∑
t=1

(t+ 1)βc−1 ≤
T∑
t=1

∫ t+1

t

xβc−1dx ≤
∫ T+1

1

xβc−1dx =
1

βc
(T + 1)βc.

Then the uniform stability of xT satisfies

εave−stab ≤
4L2

βc

(
1

βn
+

mc

1− λ

)
(T + 1)βc

ln(T + 1)
.

Combined with the optimization error (B.33), we have

εexc ≤ εave−stab + εopt

≤ 4L2

βc

(
1

βn
+

mc

1− λ

)
(T + 1)βc

ln(T + 1)
+
[
2Lr + βmL2c2(

Cλ
λτ

+
2τ

m
) +

βL2c2

2

] 1

γc ln(T + 1)
.
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